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Abstract

We introduce a generalization of the counting networks of Aspnes, Herlihy, and
Shavit [AHS91]. Our counting networks are constructed using k-balancers, rather than
the 2-balancers of Aspnes et al. For reasonable values of k, k-balancers and 2-balancers
can be implemented with equal efficiency on existing computers. Our k-bitonic networks
have depths ranging from O(1) to O(log® w), where w is the number of inputs to the
network. The depth of our networks varies with the choice of k; choosing the optimal
k depends on a tradeoff between the desire for a shallow network and the desire for low
contention.

We present the k-bitonic construction, prove its correctness, and introduce some
useful variations to the construction. We then compare the performance of our networks
with the networks of Aspnes et al., using simulation of idealized counting networks. Our
networks perform at least as well in all cases, and typically have throughput about 25%
higher than the networks of Aspnes et al.
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1 Introduction

Recent years have seen the introduction of shared- e ory ara e co uters ith oth
ar er nu ers of rocessors and re ative y on er atencies to access e ory orith
for uti e rocessor coordination are es ecia yi ortant on achines ith these char-

acteristics and as a resu t interest in coordination a orith s has increased




he usua a roach to coordination is to seria i e access to shared data y usin a oc
hie wuch or has een donetoo ti iethe erfor ance of oc in nd
these techni ues sti su er fro e ory contention since the rocessors are forced to
seriai e throu h a sin e e ory ocation he e ect of contention ro s as the nu er
of rocessors increases and as e ory atencies eco e reativey on er
he cost of contention has otivated the search for o -contention coordination a o-
rith s hich re uirere ative yfe  rocessors to access any one e ory ocation ountin
net or s hich ereori ina y de ned y s nes erihy and havit are one
such echanis ountin net or sareacycicnet or sofsharedo ectsca ed
ountin net or s can e used to wuid shared counters roducer consu er u ers and
distri uted ueues none of hich re uire synchroni ation on a sin e shared ocation ue
to their o contention countin net or so er a otentia advanta ein erfor ance over
traditiona synchroni ation techni ues

countin net or isanet or ofo ectsca ed stract y the a ancers coo -
erate to route throu h the net or n ractice a countin net or isa in ed data
structure ade u of data o ects re resentin  a ancers and the to ens are re resented
y rocessors traversin the in ed structure
a ancer ehaves i eat o-in ut t o-out utto e o ensarrivear itrariy on the
aancer st oin ut iresand the a ancer out utsto ens a ternate y on the rst and then

the second out ut ire et and denote the in ut ires and and denote the
out ut ires f to ens have assed throu ha aancer - to ens have eft the a ancer
on out ut ire and - have eft on out ut ire

is for ed fro a rou of aancers y connectin the
out uts of so e a ancers to the in uts of other a ancersin an acyc ic fashion here are
e acty a ancer in ut ires hich re ain unconnected  hese in ut ires are the
in ut ires of the aancin net or i iary there aree acty unconnected a ancer
out ut ires hich for theout ut iresofthe aancin net or et ethenu erof
to ens that have entered on the countin net or s thin ut ire and et ethenu er
of to ens that have e ited on the countin net or s th out ut ire e say a aancin
net or is if no to ens are in the net or is a aancin
net or  hich has the he ste  ro erty says that in any uiescent state
for any
nes erihy and havit resented the itonic countin net or construction
ased on atcher s itonic sortin net or at itonic net or ith in ut ires
has de th ) that is a to en ust ass throu h 0 a ancers to tra-
verse the net or Recenty u er an has resented a ternative constructions ith de th
o} o o and ) u hi e these ne constructions re -
resent an asy totici rove entin countin net or de th the constants are too ar e




S B, _
— B B
—1 "y 4
BZ Bz BZ
— B,
B B B |
I 2 2 82 I
B4 B4
| B,
1 ure he itonic net or of idth and the - itonic net or denotes a
- a ancer
to a e these net or s ractica he ori ina itonic construction sti  erfor s est in

a ractica situations

he focus of our or has een toi rove the de th of countin net or s hie
retainin their ractica via iity e e in y resentin a enerai ation of
the ori ina a ancers ntuitivey a - aancer ehaves i ea in ut out utto e n
e istin achines - a ancers areno oree ensiveinti e ors ace than the traditiona
- a ancers uness 1is so ar e that it cannot e re resented in a sin e achine ord

e then resent a construction for ui din countin net or s fro - a ancers ur

- itonic construction is a enerai ation of the ori ina itonic construction his ne

construction a o s us to trade o de th for contention inde endent of the idth of the

net or e endin on the choice of  our net or s have de th ran in fro to
o} ar e vaues of yiedsha o mnet or s ith hi h contention s a va ues of
yied dee net or s ith o contention ti a y aancin these t o factors yie ds the

net or  ith the hi hest throu h ut

n addition e use si u ation to e ore the e ects of idth de th and contention
on the throu h ut of countin net or s ur si u ations sho that the e tra de ree of
freedo avai a ein the - itonic construction rovidesa 7t0 i atey a erfor ance
i rove ent over the itonic construction for si u ations of severa hundred rocessors

ncr

- a ancer is a device ith in ut ires and out ut ires ntuitivey a - a ancer
ehaves i e a -in ut -out ut to e o ens arrive at ar itrary in ut ires and the



- a ancer out uts the to ens on the out ut iresin a cycic fashion fro the rst out ut

to the th et denote the nu er of to ens that have arrived on the - a ancers

in ut ire and denote the nu er of to ens out ut on the - a ancers out ut ire
he for a ro erties of - a ancers are

n any state - a ancer never creates to ens

iven that any nite nu er of to ens have arrived at the - a ancer the
- a ancer reaches a state a state in  hich ithin a
nite a ount of ti e - a ancer never consu es to ens

n any uiescent state for any he out ut has the

ste 10 erty

n actua i e entations of a ancers the to e state is re resented ith a ord of

e ory and the out ut ires arere resented ith ointers a ancerscan e ani u ated
int odi erent ays f the architecture ein wused rovides synchroni ation ri atives

such as or these instructions can e used to directy

ani u ate the a ancers state or e a e one can traverse a a ancer y doin a
on the aancersto e e ory and e itin on the ire corres ondin

to the fetched vaue oduo n the a sence of such o erfu ri itives the a ancer
ust contain a oc hich rocessors hod hie ani uatin the a ancers state
n theory the ori ina a ancer re uires ony a sin e it of state to eto ed  hie
the - aancer re uires a o it o eration ctua achines ho ever o erate on entire
ords in a sin e instruction  hus if our achine has it ords the ori ina a ancer
re uires one o eration to to e the state hie the - a ancer re uires —— o erations
to to e the state  herefore if our - a ancer re uires no ore o erations than
the ori ina aancer mn aty ica - it achine <can eas ar eas ithout osin

any erfor ance over traditiona a ancers
t shoud e noted that e are not the rst to enerai e the aancer horonson and
ttiya use the ith a nite nu er of in uts and out uts o ever
they do not use these ar er a ancers to construct ractica net or s  hey resent an
i ossi iity resut sho in that net or s of certain si es cannot e wuit ithso esies

of aancers hey aso resent a construction for countin net or sof idth ut since
the resu tin net or s have ar e de th their construction serves ri ariy as an e istence
roof rather than a ractica too heir net or s have de th or a ternativey
ith a very ar e constant if the sortin net or is used in the

construction  ina y they sho ho to wuid countin net or s of ar itrary idth vy
addin cyc es to the net or

itonic ountin t or on truction

eno resent a construction for ui din countin net or sof idth fro - a ancers
for e ca our construction the - itonic construction since it is a en-



eral ation of the ori ina itonic countin mnet or construction he - itomic

construction atte ts to uid the net or e cusivey fro a ancers of si e ur con-
struction ho ever isrecursive and at ti esthesu 10 e saretoos a to e uitfro
a ancers of si e n these situations the construction uses a ancers as cose tosi e as
ossi e
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i ure he - itonic construction uidin a and a fro s a er arts

denotes a - a ancer

et ea - itoniccountin net or of idth has in uts
and out uts is constructed so that in a uiescent state the out ut
has the ste ro erty n our construction countin net or s are uit recursivey fro
s a er countin net or sand er in net or s
er in net or s are aancin net or s hich wuarantee that if oth ha ves of their

in uts have the ste ro erty the out ut has the ste ro erty et ea erin
net or of idth has in uts and out uts et _ e the rst
ha fofthe er ersin utsand et _ e the second ha f of the er ersin uts

et e the er ers out uts is constructed so that in a uiescent

state in  hich the in uts and each have the ste ro erty the out ut is uaranteed
to have the ste  ro erty

he ase case for the er er construction is  hen n this case our er er
issi  ya - aancer
f e uid the er in net or fro — er in net or s and

— - aancers or carity e refer to the recursivey- uit er ersas su - er ers n
order for these su - er ers to function ro ery e wust ensure that oth ha ves of
their in uts have the ste ro erty he er ersin uts serve asin uts to the su - er ers
accordin to the fo o in rues



er erin ut ire serves as in ut ire _ ofsu - er er od
er erin ut ire servesasin ut ire  ofsu - er er od

hisin ut ire distri ution wuarantees that if thet o ha vesofthe er ersin ut have

the ste 1o erty the ha ves of the su - er ersin uts i aso have the ste ro erty

he re ainin tas isto er ethesu - er ers out utsinto a se uence of en th ith
the ste ro erty hisis achieved ith aset of — - aancers or ay

he out ut ire ofsu - er er is connected toin ut ire of - a ancer
he out ut ire of - aancer serves asout ut ire of the

i ure rovides a ra hici ustration of the construction

he construction for is si er than that of the er er n the ase case that
isa - aancer f our is uit fro su -countin net or s -
and a er in net or
he co  onents are connected in a divide and con uer fashion he countin net or s
in uts are divided int o and sent throu h the su -counters he out ut of the su -counters
are then sent to the er er for reco ination or a y

he countin net or in uts _  serve as in uts _ ofsu -
counter and the countin net or in uts _ _ serve asin uts
of su -counter

he out uts _ of su -counter serve as er er in uts _
and the out uts _  ofsu -counter serveas er erin uts _

he er er out uts serve as out uts of the countin
net or

i ure rovides a ra hic i ustration of the construction

e no sho that is a countin mnet or e ein y ivin a usefu e uiva ent
for oftheste ro erty Reca thatase uence of non-ne ative inte ers
has the ste ro erty if henever



et satisfy the ste ro erty and et f
for then for hus
u ose for so e here y the ste 1o erty choose such
that y the ste ro erty it wust e the case that if then and
if then hus
e conc ude that
his wuantity e uas if and if n any case this wuantity e uas
oco etethe roof assu e et then
urther ore e have
he ine ua ity fo o sfro the enera fact that he na e ua ity
fo o sfro the fact that hus e have henever
he ostdi cut artofthe roof that is a countin net or is de onstratin
that the er in net or ehaves correct y  he correctness of is sho nin

the fo o in theore

he theore is roved y induction on

the
- a ancer the out ut i

n the here

de nition of a

ase Case er er

have the ste
ho ds for

ssu e the theore

is si
To erty
and that

- a ancer y the

Yy a



et and e the se uences _ and

res ectivey ssu e and have the ste ro erty n the construction of the er er
the to ha f of the in uts of any one of the su er ers is a su se uence

of and the otto ha fof the in uts is a su se uence of ince a su se uence of any
se uence ith the ste ro erty aso has the ste ro ertythe to and otto ha ves of
the in uts to each su  er er have the ste r0 erty or et e the out ut
se uence of the -thsu er er ith theout utofthe -th out ut ire y theinduction
hy othesis for each has the ste ro erty
et B B and for y the constuc-

tion the tota contri ution of thein ut tosu er er is ———— 1 iary thetota
contri ution of the in ut tosu er er is — he di erence in the contri utions
of and co esfro the fact that thein uts fro enter in the order of the su  er ers

hi e the in uts fro enter in the reverse order of the su  er ers  hus

e ne t sho that for ithout oss of enera ity
assu e

ince and S —_— hus

et in od e 1 sho that for and for
f then y e a for a f then since for

a and it wust e the case that one of od or od
e uas and the other is ithout oss of eneraity assu e od and
od hus forso e and ye a

hus for
n the construction there are e acty distinct - a ancers he -th - aancer
receives the -th in ut fro each of the su er ers et e the tota of the in uts to
- aancer that is ence for a urther ore if
then ecause each se uence for satis es the ste r0 erty e wust have

et here and 0 co ete the roof e
sho that here are four cases to consider



n this case oth out uts and are out uts of the sa e -
a ancer ence
and e have

ince the se uence  has the ste ro erty then

and et here e have and
hus
ince and then
and his caseis roved in asi iar aytocase a ove

he theore is roved y induction on

n the ase case here the counter issi y a - aancer y the
de nition of a - aancer e no theout ut i have theste 10 erty
ssu e the theore ho ds for and that

y the inductive hy othesis oth of the su -counters roduce a se uence hich has the
ste ro erty he out ut of the rst su -counter serves as the rst ha fof thein ut ires
tothe er er he out ut of the second su -counter serves as the second ha f of the in ut

ires tothe er er ince thet o ha ves of the er ersin uts have the ste ro erty vy
theore the er er s out ut has the ste ro erty ince the er ers out uts serve
as the out uts for the counter the counter s out ut has the ste 1o erty

hesi e of a aancin net or is de ned to e thenu er of aancers contained in the
net or he de th of a a ancin net or is de ned to e the en th of the on est ath
a to en can fo o throu h the net or
e no thede thofour er erto ee ua tothe de th of thesu - er er us one
aancer e no thede th of our counter to e the de th of a su -counter usthede th



of the er er Reca that and areassu edto e ositive o ersoft o his yie ds
the fo o in recurrences

if
e th .
e th — other ise
if
th )
¢ e th — e th other ise
o vin these recurrences e nd for a and
e th o)
and for
0 0 0 0
-0 - e th -0 — o —
0 0 0 0
he si e of our er erise ua tothesi eof the su - er ers us the — a ancers

he si e of the counter is e ua to the si e of the t o su -counters wus the si e of the
er er his yie ds the fo o in t o recurrences

if
ie ) .
ie — — other ise
if
ie ) ) .
ie — ie other ise
hich yie d these u er ounds for a and
ie — o0
and for
0 0 . 0 0
— o0 — ie — o0 — o —

0 0 0 0

e see that the si e and de th of our - itonic countin net or s de end on the choice of
ote that the si e of a countin net or is not necessariy ro ortiona to the a ount of
e ory s ace re uired to re resent it - a ancer re uires s ace since it contains
one ointer for each of its out uts  hus the s ace re uired y a countin net or is
ro ortiona to the roduct of and the si e ince the nu er of ires connectin each
eve of the countin net or to the ne t eve is e acty the idth the s ace re uired
for the countin net or isaso ro ortiona to the roduct of the idth and the de th
i ure sho su er ounds on the si e and de th of our countin net or s for a fe
i ey choices of



- log - log - log - log
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1 log log —log 1
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i ure u ary of the si e and de th of - itonic countin net or s of idth for
various va ues of he ounds for ~ and aree act hie the re ainin are
u er ounds he for u as for ho ds for constant here
ri tion

he construction e have resented is the strai htfor ard enerai ation of the ori ina
itonic construction e have deve o ed a nu  er of variations to our - itonic countin
net or construction hich resutin ore interestin and or e cient net or s

s resented our construction a o s for countin net or s of si e to e wuit fro
a ancers of si e e no rea this restriction and use our construction to wuid
net or s fro a ancers of ar itrary si e ith a sin e restriction  ur construction can
e used to ui d countin net or sofsie fro aancersofsi e forany his
a o sus orechoices hen tunin the a ancersi e
ith this chan e ho ever the recursive construction ay need to uid here
does not even y divide fore a e 1 atte tto uid in the recursive
ste  n these cases e uid as an here is the ar est nu  er such that
and  even y divides

he er ers recursive construction resu ts in scatter ather to en tra c¢ atterns he
to ens are rst scattered to the su - er ers and are then athered into the ac -ro a -
ancers nder i ht oad this to en attern a es contention ore i ey at the ac -ro
a ancers ince at ost one to en can ass throu h a a ancer at thesa e ti e the use
of s a er aancersinthe ac ro 1 reduce contention
onsider the er er hich for s the ast t o ayers of the sho n in
ure he er eris uitfro t o ayersof aancers he to ens are rst scattered
into a ayer of - aancers and then athered into a ayer of - a ancers y our revious
o servation e can reduce contention y instead scatterin into a ayer of - a ancers and



atherin into a ayerof - a ancers hi e this chan e essens the con estion in the er er
it does not a ect the correctness si e or de th of the er er

he erfor ance of our countin net or scan ei rtoved y a aysa yin this

techni ue ithin our er er construction ur construction is unconcerned a out ho the

su - er ersare uitand a ays uids fro — - aancers and su - er ers of

idth — ur rst chan e is to have the er er o tain so e infor ation a out the si e

of the ayersto e wuit y thesu - er ers e de ne to e thes a est aancer

si ethat 1 e needed in the construction of or our construction if
other ise — eno chan ethe er er construction to uid

fro —— - a ancers and su - er ers of idth — his chan e resu ts in

the construction a ays usin the s a est re ainin  a ancers in the ac ro fter

the construction has nished the resutin  er er i have its ayers sorted in order of
ascendin  a ancer si e fro  ac to front

hi e our - itonic construction can use di erentsi e a ancersin di erent ayers it tries to

ui d as uch of the net or asitcan fro a ancers of si e ro our second variant e
earned that under i ht oads the scatter ather ire attern resu tsin con estion that can
ereduced yusin s a er aancersinthe ac ofthenet or he yra id construction

uses s a a ancers near the ac of thenet or and ro ressivey ar er a ancersto ard
the front of the net or
n order to reduce this contention e ro ose a odi cation to the construction in
hich e uses a aancers near the ac of the net or and ar er a ancers to ard
the front  his is achieved y chan in the su net or s that are recursivey wuit n our

construction recursivey uidst o — su -counters eno chan e SO

that it instead uidst o — su -counters i iary echan e so that it wui ds

— su - er ers he resutin net or s have succesive ayers that dou e in si e

e ca this the yra id construction hi e our revious variations have not chan ed

the si e and de th of the net or this variant does yin this variant our countin
net or s have 0 o — o

ur choice to dou e the net or ayersis ar itrary  any functions cou d e used and
a oudhavedi erents ace de th erfor ance tradeo s oth our ori ina construction
and our yra id construction are e a  es of a ar er c ass of hetero eneous countin
net or s that can e enerai ed fro our - itonic construction

r or nc

ur erfor ance resuts ere o tained y si u ation e chose to si u ate our countin
net or s for anu er of reasons irst an ana ytica so ution roved to e too co e

econd for ani e entation study e did not have access to a achine ith as any

rocessors as e anted asty e ereinterestedin the erfor anceof countin net or s



in enera rather than countin net or sonmas eci ¢ achine ysi uatin ana stract
architecture e ho ed to o tain resu ts of ore universa va ue
n our si uations a ed nu er of rocessors re eated y traverse the countin net-
or hen a rocessor e its thenet or iti  ediate y reenters a ancer services one
rocessor at a ti e the serviceti eisrando ithe omentia distri ution  estart ith
a  rocessors enterin the net or on rando y chosen ires efore co ectin statistics
esi uatethenet or on enou h forittoreachane uii riu state e then easure
the net or sthrou h ut thenu er ofto ens er unitti e thate it the net or ote
that a i iin the throu h utise uivaent to ini iin the avera eti eit ta esfora
rocessor to traverse the net or
n our si u ations activity at one a ancer does not a ect the erfor ance of other
a ancers asaresut our erfor ance ra hs oo di erentthan those enerated y s nes
in hich accesses to a  a ancers are ade across a sin e e ory us
or itonicnet or s the idth istheony ara eterthatcan ead ustedtoo ti ie
erfor ance n - itonic net or s the aancersi e 1is an additiona de ree of freedo
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1 ure ti a aancersi evs net or oadfor - itonic net or s
the - itonic net or to nd the net or of each ty e ith the est erfor ance he

ure sho s that the - itonic net or consistent y out erfor s the itonic net or the
i rtove entin throu h utisa out

hen choosin eare aancin t oco etin factors f istoos a thenet or s
de th i etoo ar e it i ta e too on to traverse a the ayers f is too ar e
the contention for each aancer i etoohi h it i ta etoo on to assthrou h each
ayer heo ti a a ances these factors erfect y

i ure sho s the est aancer si e for varyin nu ers of rocessors he ra h
sho s that the o ti a si e varies ith the oad wutisnott o mn a cases the est

is either or ut there is no a arent attern to uide our choice et een thet o
a ternatives  he di erence see s to iein roundo e ects due to the oors and ceiin sin
the e ression for the net or s de th

ntuition and a ro i ate erfor ance odes su est that the o ti a shou d
ro as the oad increases he e eri enta evidence does not su ort this hy othesis
he ac of a atternin ure doesnota o usto r yreectiteither oreevidence

is needed to decide
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i ure Ro ustness of itonic and - itonic net or s a ainst chan es in oad

n ractice the oad on a countin net or i ht not e no n in advance thou h
the nu er of rocessors i ht e mno n the intensity ith hich they use the countin
net or coud e un redicta e or coud even vary over the course of a run s a resu t
e oud i eournet or sto erfor reasona y for une ected oads

i ure considers the ro ustness of our net or s under variations in oad e found
the o ti a itonic and - itonic net or s for a oad of roCessors e then o served
the erfor ance of these t o net or s for oads et een and rocessors 1 ure
sho s the erfor ance of the - itonic versus the itonic s efore the
- itonic countin net or has hi her throu h ut at a oads than the itonic countin
net or oth net or sa ear to ee ua y ro ust the erfor ance di erence erey
re ects the inherent advanta e of - itonic net or s

ur - itonic net or s ceary out erfor the ori ina itonic net or s the di erence is
a out oth net or s ada t reasona y e tochan esin oad

nfortunate y e have no de nite rocedure for choosin the a ancersi e hoosin

either or or s e ina thecases etried eareuna eto redict hether

this i hod true for ar er va ues of



onc u ion

e have introduced countin net or s uitfro - aancers hea iitytovary a o s
us to s ooth y trade o net or de th a ainst contention t one e tre e our
net or s reduce to the traditiona sin e- oc soution ith ini u de th ut ai u
contention t the other e tre e our net or s reduce to the countin net or s
of s nes ith ar ede th ut o contention ur net or ss an the continuu

et een theset oe tre e so utions

n ractice the a iity to vary the aancersie a o sasinicant erfor ance ad-
vanta e over either of the e tre e so utions ith severa hundred rocessors our net or s
ty ica y have throu h ut a out hi her than those of s nes his erfor ance
a a earsto e ro in as the nu er of rocessors increases ut e cannot e sure
that it continues to do so asy  totica y
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